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Abstract

A two-dimensional model of a single channel of a monolith reactor is used to evaluate the values of the Nusselt and

Sherwood numbers under reaction conditions. The circular channel is assumed to have axisymmetry with a ®rst-order reaction

occurring at the wall. The values of the Nusselt and Sherwood numbers do not correlate uniquely with the Graetz number but

rather depend on the reaction rate at the wall. Hence they depend on such variables as gas velocity, inlet temperature and

reactant concentration. # 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction

The monolith honeycomb reactor is used in cata-

lytic combustion applications, for example as an after-

burning reactor in automobile exhaust systems. There

is also interest in the development of gas turbines that

use catalytic combustion to burn the fuel [1]. Another

application is the selective catalytic reduction of NOx

in ef¯uent gases using ammonia [2].

Because of the importance of environmental issues,

there have been hundreds of publications on catalytic

combustion, covering materials, catalysts, reactor

design, reaction kinetics and heat and mass transfer

effects. This paper deals with aspects of heat and mass

transfer in a circular channel of a honeycomb monolith

reactor. Typical honeycomb reactors contain channels

which are often of the order of 1±2 mm in diameter

[3]. In auto exhaust applications the ¯ow is in the

laminar regime, while for gas turbine applications the

¯ow may be either laminar or turbulent, depending on

the operating conditions [1]. This study considers the

laminar ¯ow case. In a laminar ¯ow tubular reactor,

with gaseous reactants and an exothermic reaction,

there is a radial velocity pro®le, with the velocity at the

centreline being something less than twice the average

velocity. The reactants are consumed by catalytic

reaction at the wall with a concomitant release of

thermal energy. Because of the laminar ¯ow pro®le,

there is the potential for radial concentration and

temperature gradients. The magnitude of the radial

gradients depends on the relative rates of mass and

heat transfer and chemical reaction. In classical cat-

alytic reactor analysis, the term kinetic control has

been applied when the `̀ bulk'' ¯uid phase concentra-

tion and temperature are the same as those at the

surface of the catalyst [4]. The rate of reaction is

controlled by the intrinsic kinetics only. If the rate of
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diffusion through the boundary layer is lower than the

intrinsic rate of reaction, the bulk and surface condi-

tions are different. In the extreme case the catalyst

surface concentration approaches zero and the rate is

controlled solely by the rate of mass transfer. This is

known as mass transfer control. In a laminar ¯ow

reactor the concept is perhaps more nebulous because,

after a certain entrance length has passed, the entire

reactor is in essence a boundary layer. However, one

can say that if the surface concentration were essen-

tially zero then mass transfer is the dominant mechan-

ism. The long held view on how monolith reactors

operate was that at low temperatures the reaction was

kinetically controlled. Typically this might occur in

the reactor inlet region. At some point in the reactor,

the rate of reaction would increase rapidly due to the

Arrhenius temperature dependence of the rate con-

stant(s); this point is sometimes referred to as light-off.

The assumption is that after light-off the concentration

at the wall approaches zero and the reaction is then

mass transfer controlled. Many have held the view that

light-off meant a change from kinetic to mass transfer

control; i.e, at light-off the wall concentration sud-

denly dropped to essentially zero. It was recently

demonstrated [5] that true mass transfer control

may be dif®cult to achieve in a 1±2 mm diameter

reactor channel at moderate temperatures, although it

can be easily attained in larger diameter channels [6].

The wall concentration, however, is lower than the

average radial concentration. Hayes and Kolacz-

kowski [5] de®ned a catalytic reaction number whose

value determined whether or not a reaction was in the

mass transfer or kinetic control regime.

The controversy over the controlling mechanism is

not academic, and has led to some confusion in the

literature concerning the values of the Sherwood and

Nusselt numbers in a monolith reactor channel under

reaction conditions. Correlations have been reported

for Sherwood numbers [7,8] which gave values that

were much lower than that expected, based on results

from non-reacting systems, and lower than the values

observed in reactor simulation studies [9]. The devel-

opment of these correlations was based on experi-

mental measurements and assumed a zero wall

concentration. Hayes and Kolaczkowski [5] subse-

quently reanalysed these results using a two-dimen-

sional model for the reactor and demonstrated that

under their operating conditions the wall concentra-

tion was not zero, and hence the original analysis was

faulty. They also concluded that after an initial inlet

region the steady state Sherwood and Nusselt numbers

had values of the same order of magnitude as those for

the so-called Graetz problem, for constant property

incompressible ¯uids ¯owing inside ducts with con-

stant wall temperature or constant wall ¯ux. These

results were consistent with other modelling results

[9±12]. These numerical results were reinforced by

experiments [13].

The classical heat transfer problem of the ¯ow of an

incompressible Newtonian ¯uid in a duct with tem-

perature independent physical properties is presented

in most heat transfer textbooks [14]. In the fully

developed region the Nusselt number achieves a con-

stant value of 3.66 for a boundary condition of con-

stant wall temperature and 4.364 for constant wall

¯ux. The situation where the wall ¯ux or temperature

varies axially is discussed in [15]; the value of Nu

often lies in between the two values quoted previously.

In the developing region the value of Nu depends on

whether or not the thermal boundary layer develops

alone or in conjunction with a hydrodynamic bound-

ary layer. The point is, however, that a unique solution

is obtained in each case if the Nusselt number is

plotted against the reciprocal Graetz number. Based

on the heat and mass transfer analogy, similar results

are found for the Sherwood number. For a monolith

reactor, Hawthorn [16] proposed correlations for

Nu and Sh numbers based on the earlier work of

Kays and London [17] on laminar ¯ow in ducts as

follows:

Sh � 3:66 1� 0:095
DT

L
PeM

� �0:45

; (1)

Nu � 3:66 1� 0:095
DT

L
PeH

� �0:45

: (2)

These correlations have been used in the literature

in the modelling of monolith reactors. One point to

note is that these equations predict average values for

the entire reactor length L. What is usually desired in a

reactor model is a local value for the heat or mass

transfer coef®cient (i.e., the value as a function of z).

The correlations (1) and (2) may lead to error if used to

predict local values. This would be especially true

where the entrance effects are important. Most mod-

ellers who use these correlations employ an average
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value over the entire monolith length [18,19]. Heck

et al. [10] compared one- and two-dimensional models

using the oxidation of CO as a representative reaction

with LHHW type of kinetic model. Under certain inlet

concentrations of CO, the Nusselt numbers exhibited

sharp jumps at the point of light-off. This behaviour

arises because of the form of the LHHW model; at

some point the denominator term falls to 1 and the

reaction rate suddenly increases by about an order of

magnitude. This type of behaviour has not been

observed with power law type kinetic models [5].

Heck et al. [10] stated that in the reactor entrance

region up to the point of light-off, the Nu and Sh

numbers corresponding to the condition of constant

wall ¯ux should be used. The light-off point gave rise

to a new `̀ entrance region'' after the jump in Nu, for

which the values corresponding to constant wall tem-

perature should be used. They used the correlations for

non-reacting ¯uids [20], i.e., for the constant wall

temperature region:

NuT � 3:655� 6:874
Gz

1000

� �0:488

exp ÿ 57:2

Gz

� �
(3)

and

NuH � 4:364� 8:68
Gz

1000

� �0:506

exp ÿ 41:0

Gz

� �
(4)

for the constant wall ¯ux region. Note that these two

equations are for developing thermal ¯ow with a fully

developed velocity pro®le, not for a simultaneously

developing thermal and hydrodynamic boundary

layer. Hayes and Kolaczkowksi [5] also examined

the Nusselt number behaviour using a two-dimen-

sional model with LHHW kinetics. They observed

the jump in Nu during transient operation, but

observed that the effects of radiation and solid con-

duction combined to move the light-off point upstream

to the entrance. Heck et al. [10] did not include the

effects of conduction or radiation in their model.

Similar results for the Sherwood number are obtained

by substituting the Schmidt number, Sc, for the Prandtl

number in the equation for the Graetz number.

Groppi et al. [21] proposed that a better solution for

Nu in a system with chemical reaction at the wall was

obtained by interpolating between NuT and NuH using

the interpolation formula [22]:

Nuÿ NuH

NuT ÿ NuH

� Da Nu

�Da� Nu�NuT

: (5)

The DaÈmkohler number, Da, is the ratio of reaction

rate to diffusion rate and depends on the reaction

kinetics. For a ®rst-order catalytic reaction expressed

in terms of washcoat external surface area, i.e.,

(ÿRA)S�kSCA where kS has units of m/s, the DaÈm-

kohler number is

Da � �kSDT

4DA

: (6)

Note that the rate constant and diffusion coef®cient

were calculated at local conditions.

The ¯uid in a reactor is compressible with variable

physical properties. Furthermore, the ¯ux from the

wall is not constant because of the diminution of the

reactants and the increase in wall temperature that

occurs as reactor length increases. It would therefore

be surprising if the constant wall temperature or

constant wall ¯ux solutions matched with experimen-

tal results. It is also not obvious whether or not a single

correlation should ®t for all kinetics or operating

conditions. Reliable values are certainly an asset if

a heterogeneous one-dimensional model is used to

simulate a laminar ¯ow reactor, because heat and mass

transfer coef®cients are needed to couple the gas and

solid phase conservation equations.

This paper reports a theoretical investigation of the

Nusselt and Sherwood numbers in a single channel

monolith reactor with emphasis on the entrance

region. The effects of channel diameter, ¯ow rate

and temperature are considered. The objective was

to determine the extent, if any, of the variation in the

values of Sh and Nu with changing operating condi-

tions, and to see if a single unique correlation would

apply.

2. Formulation of the 2D model

The two-dimensional model was based on the

solution of the axisymmetric momentum, mole and

energy balance equations. Homogeneous reaction was

ignored as it was considered likely to be insigni®cant

in the temperature range studied. Heat loss radially

through the walls was taken to be equal to zero.

Radiation was also ignored.
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A single monolith channel may be modelled in two

dimensions by approximating the reactor as a right

cylindrical tubular reactor of radius R [9]. For axisym-

metric steady state ¯ow in a circular tube the radial

and axial components of the equations of motion are

[23]:

� vr
@vr

@r
� vz

@vr

@z

� �
� @P

@r
� 1

r

@

@r
�r�rr� � @�rz

@z

� �
� 0;

(7)

� vr

@vz

@r
� vz

@vz

@z

� �
� @P

@z
� 1

r

@

@r
�r�rz� � @�zz

@z

� �
� 0:

(8)

The equation of continuity in cylindrical coordinates

is

1

r

@

@r
��rvr� � @

@z
��vz� � 0: (9)

The components of the shear stress tensor for a New-

tonian ¯uid are:

�rr � ÿ� 2
@vr

@r
ÿ 2

3
�r � v�

� �
; (10)

�zz � ÿ� 2
@vz

@z
ÿ 2

3
�r � v�

� �
; (11)

�rz � ÿ� @vz

@r
� @vr

@z

� �
: (12)

For an ideal gas with conservation of moles on reac-

tion the r�v term is given by

r � v � 1

T
vr

@T

@r
� vz

@T

@z

� �
ÿ 1

P
vr

@P

@r
� vz

@P

@z

� �
:

(13)

The boundary conditions used were ¯at or parabolic

inlet velocity pro®le, zero slip condition at the walls,

symmetry condition at the axis and zero normal shear

stress at the outlet.

If the mole average velocity is assumed to be equal

to the mass average velocity, then the steady state mole

balance for component A is

1

r

@

@r
rDC

@YA

@r

� �
� @

@z
DC

@YA

@z

� �
ÿ C vr

@YA

@r
� vz

@YA

@z

� �
� 0: (14)

The boundary conditions used were:

YA � YA0
at z � 0 and r 6� R; (15)

@YA

@r
� 0 at r � 0 for all z; (16)

ÿDC
@YA

@r
� �ÿRA� at r � R for all z; (17)

@YA

@z
� 0 at z � L and r 6� R: (18)

The steady state energy balance equation for an ideal

gas, ignoring viscous work terms, is

1

r

@

@r
rk
@T

@r

� �
� @
@z

k
@T

@z

� �
ÿ�CP vr

@T

@r
�vz

@T

@z

� �
� 0:

(19)

The boundary conditions used were:

T � T0 at z � 0 and r 6� R; (20)

@T

@z
� 0 at z � L and r 6� R; (21)

@T

@r
� 0 at r � 0 for all z; (22)

k
@T

@r
� �ÿ�H��ÿRA� at r � R for all z: (23)

The Nu and Sh values can be computed from the

radial temperature and concentration pro®les obtained

by the solution of the conservation of equations as

follows:

Sh � 2R

�hYAi ÿ YAW�
@Y

@r

����
r�R

and

Nu � 2R

�TW ÿ hTi�
@T

@r

����
r�R

; (24)

where

hYi �
R R

0
vz�r�YA�r�r drR R

0
vz�r�r dr

and

hTi �
R R

0
vz�r��CV T�r�r drR R

0
vz�r��CV r dr

: (25)

The solutions to the reactor model was generated

using the Galerkin ®nite element method with trian-

gular elements. Details of the method may be found in

[6,9,24].
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The combustion of methane in air was selected as a

model reaction. This enabled realistic values of phy-

sical properties to be used. The rate expression was a

®rst-order expression and, while not based explicitly

on experimental data, gave values for the reaction rate

of the same order as observed experimentally [1]. The

rate expression used was

ÿRCH4
� 3� 105 exp ÿ 100000

RgT

� �
CA; (26)

where the rate has units of mol/m2 s and the activation

energy is in J/mol. Although diffusion limitation in the

washcoat would be expected to become important at

temperatures greater than about 750 K [13], this was

ignored in this investigation. The diffusion coef®cient

for methane in air was calculated from the Fuller

correlation [25]:

D � 9:99� 10ÿ5 T1:75

P
(27)

with T in K, P in Pa and D in m2/s. The thermal

conductivity of the ¯uid was calculated by

k � 1:679� 10ÿ2 � 5:073� 10ÿ5T ; (28)

where k has the units of W/m s. The viscosity of the

¯uid in Pa s was computed from

� � 7:701�10ÿ6�4:166�10ÿ8T ÿ 7:531� 10ÿ12T2:

(29)

3. Nusselt and Sherwood numbers

In this section the results obtained from the two-

dimensional simulator are presented. The effects of

inlet gas temperature, inlet mole fraction of methane

in the feed and inlet velocity were examined. A

summary of the simulations is presented in Table 1.

The Nusselt numbers were plotted as a function of the

inverse Graetz number with the results presented in

Figs. 1±5. The following observations can be made

about the results.

The Nusselt number predicted in the simulations is

of the same order of magnitude as that predicted for

the situation of constant wall temperature and constant

wall ¯ux. This con®rms other simulations reported in

the literature, and is as expected.

The Nusselt number predicted in the simulations

did not match the Nusselt numbers calculated using

the boundary conditions of constant wall temperature

and constant wall ¯ux. As noted previously, because

neither of these two boundary conditions represents

the actual boundary condition, this is not too surpris-

ing.

Fig. 1. Effect of inlet concentration on the Nusselt and Sherwood

number. All runs at gas inlet temperature of 700 K and velocity

1 m/s. Inlet mole fractions: Run 1 ± 0.001; Run 2 ± 0.005; Run 3 ±

0.01. Refer to Table 1 for complete details of operating conditions.

Fig. 2. Effect of inlet gas temperature on Nusselt and Sherwood

number. Both runs at inlet mole fraction of 0.001 and velocity 1 m/

s. Inlet gas temperatures: Run 1 ± 700 K; Run 4 ± 800 K. Refer to

Table 1 for complete details of operating conditions.
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If we consider the interpolation formula of Eq. (5),

one observation may be made. The value of Da for any

given rate expression is a function only of temperature

and pressure. The pressure was held constant in all

runs, therefore at a gas inlet temperature of 700 K the

value of the fully developed Nusselt number should be

a constant 4.30 regardless of the value of inlet velocity

and concentration. From Table 1 it can be seen that

this is not the case, and numbers in the range 3.77±

4.56 are seen. Following the same logic, for constant

inlet temperature, the plot of Nu vs. Gzÿ1 should also

be coincident if the inlet temperature is the same. In

fact, examining Figs. 1±5 considerable variation is

seen.

There is a difference observed when the ¯uid enters

the reactor with a fully developed pro®le compared to

when it enters with a ¯at pro®le. Because the Prandtl

number of the ¯uid is approximately 0.7, the hydro-

dynamic and thermal boundary layer develops at about

the same rate, so a difference between the two cases is

expected. It should be pointed out that Eqs. (3) and (4)

were developed for the case of a developing thermal

boundary layer with hydrodynamically fully devel-

oped ¯ow. In a monolith reactor, the usual situation

would be simultaneously developing ¯ow, tempera-

ture and concentration pro®les.

It is evident that the prediction of heat and mass

transfer coef®cients in the circular monolith channel is

not straightforward. The situation is likely to be more

complex in cases where the reaction is not a simply

®rst-order reaction or where multiple reactions occur.

In cases where there can be sudden changes in reaction

Fig. 3. Effect of inlet gas temperature on Nusselt and Sherwood

number. Both runs at inlet mole fraction of 0.01 and velocity 1 m/s.

Inlet gas temperatures: Run 3 ± 700 K; Run 6 ± 800 K. Refer to

Table 1 for complete details of operating conditions.

Fig. 4. Effect of inlet gas velocity on Nusselt and Sherwood

number. All runs at inlet mole fraction of 0.005 and inlet gas

temperature 700 K. Inlet velocities: Run 2 ± 1 m/s; Run 11 ± 2 m/s;

Run 8 ± 3 m/s; Run 14 ± 6 m/s. Refer to Table 1 for complete

details of operating conditions.

Fig. 5. Effect of inlet gas velocity profile on Nusselt and Sherwood

number. All runs at inlet gas temperature of 700 K and mean inlet

velocity 1 m/s. Inlet mole fractions: Run 1 ± 0.001; Run 3 ± 0.01.

Refer to Table 1 for complete details of operating conditions.
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rate (such as with LHHW type kinetics) the situation is

quite complex indeed [5]. In non-circular channels

where the reaction rate (and hence heat ¯ux) may vary

around the perimeter, the situation will be more

complicated.

4. Conclusions

This paper has examined the Nusselt and Sherwood

numbers in a monolith reactor channel with ®rst-order

reaction at the wall. The following conclusions were

drawn:

1. The Nusselt and Sherwood numbers for the case in

which chemical reaction occurs at the wall are not

the same as those observed in either the constant

wall temperature or the constant wall ¯ux cases.

2. A simple interpolation between the value for con-

stant wall temperature and constant wall flux using

the DaÈmkohler number calculated at inlet reactor

conditions does not predict exactly the observed

value of Nusselt number.

3. When calculating the value of Nusselt and Sher-

wood numbers, it is important to include the effects

of simultaneous development of thermal, concen-

tration and hydrodynamic boundary layers.

4. In monolith channels of other cross-sectional

shapes, where axisymmetry does not exist the

situation is likely to be more complex, because

of the possibility of variable reaction rate around

the perimeter of the channel.

5. Nomenclature

C molar density of the gas (mol/m3)

CA concentration of species A (mol/m3)

CP constant pressure heat capacity (J/mol K)

CV constant volume heat capacity (J/mol K)

Da DaÈmkohler number

D molecular diffusion coefficient (m2/s)

DT channel diameter (m)

Gz Graetz number

k thermal conductivity of the gas (W/m s)

kS reaction rate constant expressed in terms of

washcoat surface area

L length of the reactor (m)

Nu Nusselt number; mean bulk conditions

NuH Nusselt number, constant surface heat flux

boundary condition

NuT Nusselt number, constant wall temperature

boundary condition

P pressure of the gas (Pa)

PeM Peclet number for mass transfer

PeH Peclet number for heat transfer

r radial coordinate (m)

R radius of the monolith channel (m)

ÿRA catalytic reaction rate of component A, rate

of disappearance (mol/m2 s)

Rg gas constant (J/mol K)

Sc Schmidt number

Sh Sherwood number

T temperature (K)

hTi average gas temperature (K)

TW temperature of the wall (K)

v velocity (m/s)

vr radial velocity (m/s)

vz axial velocity (m/s)

YA mole fraction of component A

hYAi average mole fraction of component A

across a cross-section

YAW mole fraction of A at the wall

z axial coordinate (m)

Greek letters

� viscosity of the gas (Pa s)

� mass density of the gas (kg/m3)

� stress tensor

�H enthalpy change on reaction (J/mol)
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